When v = 0, some of our results reduce, modulo a constant, to those of D. V. Widder in [6] , a paper on which the present work is closely based. In [7] , Widder derived an inversion theory for the general transform (1.4) Λ) \ft Jo \ t / t which includes his result in [6] as a special case; however, the transform (1.1) for v > 0 is not covered by that development.
2 Preliminaries• The differential operator L x which is to effect the desired inversion of (1.1) is defined as follows: • Hence, an induction argument establishes the validity of
We note that an alternative form for the operator L n>x is given by 
so that it is clear that the operator L n , x annihilates positive even powers of x. Letting «-+« in (2.7), we find that
A function φ(x) will belong to L for xe [0,12), 0 < R sΞ co, if (2.9) 3* Inversion* We establish our principal inversion formula for the transform (1.1). Proof. We seek to prove (3.2) for all t for which
An appeal to Theorem 2c, p. 328, of [5] establishes that the integral (3.1) converges for all x Φ 0 and that differentiation under the integral sign is valid. Hence, using (2.4), we find that (3 8) An additional result which follows by the method of Theorems 3b, 3c of [9], pp. 282-283, is the following. COROLLARY 3.5. Let φ(t) belong to L for te (ε, R) for every ε, R, 0 < ε < JB, and let the integral
converge for some x Φ 0, and the integral
Jo+ converge for some fixed r. Then
at all points x of the Lebesgue set for the function φ(x).
As an example illustrating the theorem, consider the Hankel transform
L a; J V7Γ X since taking the limit under the summation sign in (3.6) is valid due to the fact that the series of (3.6) is dominated by the series Σ
3=0
which converges for all x. Hence the result predicted by the theorem is derived.
Other examples where the validity of the theorem may likewise be verified are (3.8) f 
4* Relation to the Hankel transform* The relation of the Hankel potential transform to the Hankel transform enables us to derive an inversion of the latter in terms of the operator L t . We have the following result. THEOREM 
// ψ(u) belongs to L for O^K oo, and if
where
Jo
Proof. An appeal to Fubini's theorem establishes that Proof. We have, with the notation of the theorem,
Since ό A («τ) e ί/, the operator L n , t may be taken under the integral sign, and, by the argument used to establish (3.7), the limit in (4.7) may be applied to the integrand directly. Hence we have, on taking note of (3.7),
Substituting (4.8) in (4.2), we derive the desired inversion (4.6).
Since the Hankel transform of the Hankel potential transform is a Laplace transform, we may use the inversion algorithm of the latter to obtain another inversion formula for the Hankel potential transform, as in the following result. Proof. Since ψ(u) e L, it follows that f(x) eL for 0 < 
so that the algorithm applied to (1/ π /2 3/2 )/#(l + x 2 ) yields l/a?(l + α;
2 ) as desired.
The general result which describes this algorithm is given in the following.
the integral converging for x Φ 0, and let
Proof. Since termwise differentiation is valid, we have
or, if we take the limit as n-> oo under the summation sign, we find that 
The left hand side of (5.6) is equal to φ(x) by Theorem 3.1, and the right hand side reduces to that given in (5.4) by a simple computation. The validity of taking the limit in (5.5) and obtaining (5.6) follows from the fact that
so that the series of (5.6) converges uniformly in n if But this is so for 0 < x < ^e" <T/2 and hence the proof is complete. Note that if p is replaced by ^ in the hypothesis of the theorem, the conclusion holds in (0, ©o). Further, if φ is known to be analytic at the start in (0, ©o), then (5.4) will determine φ completely by analytic continuation. For example, applying the theorem to (5.1), we note that a = 1 so that the second sum of (5. is valid only for \x\ < 1, it nonetheless determines φ for all positive x by analytic continuation.
For f(x) having a power series expansion in terms of negative powers of x y we have the following companion result whose proof is analogous to that of the preceding theorem and hence will be omitted. THEOREM 5.2 .
Let the integral converging for x Φ 0, and let
id in some interval pe z{% < x < co.
We may illustrate this theorem with example (5.1) by expanding l/α(l + x) 2 in the series x~3Σj=o(-l) j (J + l)^~y. In this case a = 3, and the second sum of (5.9) vanishes so that we have = or a?(l + x 2 ) as expected. 6* Hankel harmonic functions* Formula (1.3) shows that the kernel of the Hankel potential transform (1.1) is the Abel mean of the Bessel function associated with the Hankel transform. Thus, the kernel of (1.1) is the Poisson kernel, in its non-Hankel translated form, associated with the Hankel convolution of Hirschman and Delsarte [2] . The inversion formula for the Hankel potential transform can be applied to the Hankel harmonic functions associated with the HankelPoisson kernel. The Hankel harmonic functions also appear as a special case of the generalized axially symmetric potential theory of A. Weinstein [4] .
Let u{x, t) be of class C 2 in a region R of t ^ 0 such that, if R contains a segment of the line x = 0, then u(x, t) = u ( -x, t) We establish the following inversion for Hankel harmonic functions. Applying the inversion formula, we obtain (6.4), and the proof is complete.
As an illustrative example, consider the function
